We derive a simple analytic result for the current-voltage curve for tunneling of electrons through a thin uniform insulating layer modeled by a parabolic barrier. Our model, which goes beyond the Wentzel-Kramers-Brillouin approximation, is applicable also in the limit of highly transparant barriers subject to high voltages, and thus provides a more realistic description for this situation compared to the widely used rectangular barrier model.
I. INTRODUCTION
Tunneling in metal-vacuum-metal or metal-insulatormetal contacts is a very old and well-studied subject. [1] [2] [3] Various formulas for the current-voltage characteristics were derived in a series of classical papers in the early 1960's for free electron electrodes. 4 -6 These treatments were mainly intended for calculating the current-voltage curves through fairly thick insulating layers compared to the de Broglie wavelength of the electrons at the Fermi energy ( F ). In this case the Wentzel-Kramers-Brillouin ͑WKB͒ approximation 7 is valid for the tunnel transmission and widely used to obtain simple analytic expressions for the current-voltage curves for simple barrier models which, in the end, are easy to apply in the analysis of experimental current-voltage curves. The WKB approximation is quite accurate when dealing with opaque barriers, but it is not applicable to barriers with high transparency: For thin and low barriers ͑relative to the Fermi energy, E F ) the WKB approximation breaks down. This becomes especially important for large applied voltages which can lower the tunnel barrier substantially. Thus it is interesting to consider an alternative analytic model avoiding the WKB and still tractable when fitting to experimental data. Our motivation for deriving an analytic expression for the current-voltage characteristic for a simple thin-barrier model stems from a study of atomicsized gold contacts in a scanning-tunneling microscope setup 8 where nonlinear current-voltage curves were related to tunneling through a thin layer of contaminants in the contact.
In the next section the general formulas for the current are discussed. Then the truncated parabolic barrier model is introduced followed by the derivation of the current-voltage characteristics for this model and illustration of the model by an example.
II. EXPRESSIONS FOR THE CURRENT
Often details about the contact geometry and tunneling region are unknown and the experiments are discussed in terms of the simple barrier geometry shown in Fig. 1͑a͒ . Here we consider tunneling through an area AϭL x L y through a barrier (z) of thickness d.
We assume that the electrons do not lose energy in inelastic scattering inside the barrier. In this case the current I for voltage V is given by the Landauer-Büttiker formula 9, 10 I͑V ͒ϭ 2e h
where f (E) is the Fermi-Dirac distribution, k Ќ , is the wave vector perpendicular to the z-axis, and T k Ќ (E,V) is the tunnel probability for an incoming electron with k Ќ ϭ(k x ,k y ) and total energy E. We asume that the contact dimensions L x ,L y are much larger F so the quantization in the transverse direction can be neglected and k Ќ is continous. The integration over k Ќ is restricted to values which conserve E and k Ќ . For free electron dispersions the transmission probability depends only on the kinetic energy E z along z (E ϭE Ќ ϩE z ), and we may write
is simply the probability for tunneling through the one-dimensional ͑1D͒ potential (V;z). We find it instructive to define the mean transmission T 3D for an incoming electron with energy E by averaging over all possible values of E z
whereby the current is written as
Electronic mail: mbr@mic.dtu.dk T 3D increases with increasing energy since here the electrons with E z close to E penetrate a smaller potential barrier. This is illustrated by the arrows in Fig. 1͑b͒ . T 3D will also increase with increasing V. We note that for a transparent barrier (T 3D ϭ1) and in limit of small voltages (eVӶE F ) Eq. ͑4͒ yields
where G 0 ϭ2 e 2 /hϳ1/12.9 k⍀ is the quantum unit of conductance and G S is known as the Sharvin conductance. 11 It is natural to rewrite the expression for the current such that G S is used as a prefactor
where
is the mean transmission probability averaged over all electrons in the energy window eV below the Fermi energy in the left electrode. By writing the current in the form of Eq. ͑6͒ we see that the interesting physics such as nonlinearities is contained in the voltage dependence of T(V).
Since T 3D (E,V) is most often a smoothly varying function of E ͑on the scale of k B T), we can use the Sommerfeld expansion 12 and write Eq. ͑7͒ as
is the zero temperature mean transmission, and
is the second order temperature correction to the mean transmission. In the following, we employ these formulas for a simple parabolic model potential.
III. PARABOLIC BARRIER MODEL
Simple square potential models and the WKB approximation 5 are often used in the analysis of experiments where little is known about the tunnel region, so a minimum of parameters are used for its description such as the barrier thickness and height. This has, e.g., been done for tunneling through organic monolayers. 13, 14 Here we focus on a barrier model which is again only described by a barrier height and thickness but is adequate for thin and low barriers, where the WKB approximation can not be applied. Our choice is the parabolic barrier, which, unlike the rectangular barrier is continuous at the electrodes, thereby removing the infinite forces at the surface and causing cusps in the I -V curves. In our model, we place the parabolic barrier with height 0 in the middle of the gap between the metal electrodes as shown by the thick solid line in Fig. 2 and write the barrier for V ϭ0 We select the curvature K in Eq. ͑11͒ such that the barrier connects continuously to the bottom of the electrode potentials at the surfaces ͓(0;0)ϭ(0;d)ϭ0͔, whereby the shape of the barrier is fully described by 0 and d
We will neglect charge rearrangement inside the barrier, so the zero voltage barrier (Vϭ0;z) is modified by ϪeVz/d when a bias voltage V is applied [1] [2] [3] [4] [5] [15] [16] [17] ͑V;z͒ϭ͑0;z͒ϪeV z d . ͑13͒
We can write the barrier at finite bias ͑shown as a thin solid line in Fig. 2͒ by using Eq. ͑13͒
The voltage-dependent barrier maximum located at z max , is given by
The presence of an electric field in the film lowers the barrier height by eV/2 to lowest order in eV. Unlike rectangular and image barriers, the parabolic barrier does not change its shape ͑curvature͒ when a voltage is applied. Only the barrier height and the maximum position change. In the following, we will see that this is a very convenient feature of the model. The WKB tranmission is evaluated to the simple expression
where ␥ is given in terms of the barrier height and width as
In practical units, ␥ is given by
͑18͒
Instead of applying the WKB approximation we may consider a parabolic barrier which extends to zϭϮϱ instead of being truncated at the metal surfaces as indicated by the dotted curves in Fig. 2 . For this potential a simple and exact expression for the transmission, T 1D P , can be found 7,18,19
Unlike the WKB result derived in Eq. ͑16͒, this formula is also valid for E z Ͼ V . In the tunneling regime, it is instructive to rewrite Eq. ͑19͒ as
In the opaque barrier limit (T 1D WKB Ӷ1), the WKB transmission is identical to the extended parabolic barrier transmission. For more transparent barriers, the WKB approximation gradually breaks down. In the extreme case E z ϭ V , where T 1D WKB ϭ1, the parabolic result is T 1D P ϭ0.5. By refining the WKB approximation, it can actually be shown that a better estimate of the transmission probability close to the top of an arbitrary barrier is given by Eq. ͑20͒. 18, 21, 22 Although the expression for T 1D P in Eq. ͑19͒ gives more reliable values for the transmission close to the top of the barrier, one might still question its validity at energies approaching the bottom the electrode potentials. Since the asymptotic wave functions for the extended parabolic barrier bare no resemblance to the plane waves found for the truncated parabolic barrier, this could give very different results. On the other hand, small values of E z correspond to opaque barriers, where the WKB approximation is known to hold fairly well. Since the WKB transmission depends only on the shape of the classically forbidden region ͑which is the same whether we truncate the parabola or not͒, the deviations may not be so large. To elucidate this point further, we have performed numerical 23 calculations of the transmission T 1D TP of the truncated parabolic barrier for different barrier parameters. Representative results are shown in Fig. 3 and compared with the analytical expressions for T 1D P ͓Eq. ͑19͔͒ and T 1D WKB ͓Eq. ͑16͔͒. At zero bias voltage, the transmissions gradually saturate to one as the energy increases towards 0 . When a voltage of 2 V is applied, the barrier is lowered by Ϸ1 eV ͓Eq. ͑15͔͒, effectively shifting the curves to lower energies by Ϸ1 eV. As expected, the WKB approximation overestimates the transmission close to the top of the barrier. At lower energies, on the other hand, T 1D TP ϾT 1D WKB as can be seen in the lower left panel. In general, T 1D P closely follows T 1D TP . Inserting Eq. ͑19͒ in Eq. ͑3͒ we get
where we have omitted a constant term ln͕1ϩexp͓Ϫ␥ V ͔͖ since it is negligible in comparison to ln͕1ϩexp͓Ϫ␥( V ϪE)͔͖ for realistic values of the barrier parameters. In Fig.  4͑a͒ we show the energy dependence of T 3D P for the same parameters used previously in Fig. 3 . For E approaching 0 , the transmissions gradually roll of from the exponentially increasing WKB regime and saturate at a value below one. Now we use Eq. ͑21͒ to calculate the mean transmission averaged over the active voltage window T P (V). Using the Sommerfeld expansion, we first calculate the zero temperature mean transmission by inserting Eq. ͑21͒ in Eq. ͑7͒ and solving the integral exactly. The result is
where Li 2 (z) is the dilogarithm function. 24, 25 The temperature correction ⌬T P can be found immediately by inserting Eq. ͑19͒ in Eq. ͑10͒
Equations ͑22͒ and ͑23͒ are the key results of this article and give the current-voltage characteristics, I P (V) ϭG S T P (V)V, for the simple parabola model. In Fig. 4͑b͒ we show examples of the voltage dependence of T P for the same parameters used previously. When the voltage is increased, the transmission generally increases because of the barrier lowering which gives rise to nonlinearity. 8 We also note that the thicker the barrier, the larger the nonlinearities. We have plotted the temperature correcting term ⌬T P for Tϭ300 K with thin lines. For the thin 8 Å barrier, ⌬T P is two to three orders of magnitude lower than T P , and it can be neglected. However, when the thickness is increased, the temperature correction becomes increasingly important, and for the 24 Å barrier ͑dashed-dotted lines͒, it gives a 5% contribution to the total transmission. This is because the energy dependence of T 3D P increases with increasing thickness as seen from Fig. 4͑a͒ and electrons which are excited by an energy of the order k B T at the Fermi energy will have a significantly enhanced transmission.
For opaque barriers where the WKB approximation applies, the exponentials in Eq. ͑22͒ will be much less than one. Since Li 2 (x)ϳx for xӶ1, Eq. ͑22͒ reads
In this limit we find the temperature correction,
which is only valid for sufficiently low temperature and small barrier thickness were the Sommerfeld expansion applies (␥k B TӶ1). Formulas for the I -V curve identical in form to Eqs. ͑24͒ and ͑25͒ can be shown to hold for arbitrary symmetric barrier within the WKB approximation. 
IV. SUMMARY
We have derived a simple analytic result for the currentvoltage curve for tunneling of electrons through a simple parabolic barrier model. Our result for the current-voltage 
FIG. 4. ͑a͒
The energy dependence of the average transmission T 3D P (E) for different voltages using the same parameters as in previous figures. The thick parts of the curves indicate the active energy window of the electrons, see Eq. ͑22͒. ͑b͒ Thick lines: voltage dependence of the mean transmission T P calculated using Eqs. ͑22͒ and ͑23͒ for different barrier thickness. Thin lines: the temperature correction to the mean transmission ⌬T P calculated using Eq. ͑23͒.
curve goes beyond the widely used WKB approximation by using a more accurate formula for the transmission. This makes the model well suited for calculating I -V curves for thin barriers with small barrier heights. The only parameters in the model are the Fermi energy of the electrodes, the barrier height, and thickness. The model has previously been used to fit experimental nonlinear current-voltage curves. 8 We have illustrated how temperature effects and nonlinearity in the I -V curves become increasingly important as the thickness of the barrier is increased.
